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Abst ract - - ln  this paper, we consider a bilinear Finite Element Method (FEM) for a singularly 
perturbed elliptic problem with two small parameters. By using Butuzov asymptotic expansion [1] 
and the technique we developed in [2-4], we prove that our FEM on a special piecewise uniform mesh 
converges independently of small parameters. Numerical results show that our method perform much 
better than the classical FEM.  Published by Elsevier Science Ltd. 
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1. INTRODUCTION 
In this paper, we consider the following Singularly Perturbed (SP) elliptic boundary value prob- 
lem: 
__g2~2 /~ U + eA(x,y)~y + a2(x,y)u /(z,y,c,g), 
u=0,  
in n - (0, 1) x (0, 1), (1) 
on 0~, (2) 
where E and # are two small positive parameters, A is the Laplacian, and 0~ is the boundary 
of ~. 
It is well known that the classical FEM is unsuitable for SP problems. When e, # << 1, it is 
convergent globally only when the mesh size h is impractically small [4,5]. Many special numer- 
ical methods have been proposed for solving SP problems, for details, see [5-7] and references 
therein. Recently, great interest has been shown in solving SP problems on some special piece- 
wise uniform meshes [5,7] introduced by Shishkin [8] in 1988. Such meshes have been successfully 
implemented for many SP problems in one-dimensional space [5,7]. These methods are Globally 
Uniformly Convergent (GUC); that is, the error is independent of perturbation parameters 
and #. Except [2-4,9] and some unavailable work cited in [10], little work has been done on the 
analysis of FEM for two-dimensional SP problems on piecewise uniform meshes. Many other 
open problems in this area can be found in the most recent survey of Roos [10]. 
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This paper is a continuation of our investigation i  the aforementioned area, which began 
in [2-4]. This problem is different from [4] in that here we have two small parameters and a 
convection term with a small parameter, in which case we have different boundary layer behavior, 
see Sections 2 and 3. As far as we know, this is the first attempt for SP problems with two small 
parameters by using such a simple piecewise uniform mesh. 
The organization of this paper is as follows. In Section 2, we consider the derivative stimates 
for the solution of (1),(2). Section 3 presents the asymptotic expansion. In Section 4, a piecewise 
uniform mesh is constructed and the interpolation estimate is given. Our theoretical convergence 
analysis is presented in Section 5. Finally, Section 6 presents ome numerical results. 
Throughout this paper, we shall use C, sometimes subscripted, to denote a generic positive 
constant hat is independent of e, #, and the mesh. Also we use (.)= and (.)~ to denote the 
derivative with respect o the variables x and y, respectively. 
2. DERIVAT IVE  EST IMATES 
To obtain pointwise derivative stimates for the solution of (1),(2), we assume that functions A, 
a, and f are so smooth that u E C3(~), where ' - -  i tU0 i t .  Hence, f = 0 at four corners 
are implied [11]. To avoid lengthy technicalities, we assume that A is a positive constant and 
a _> (1/2)min(al,A) > 0. When A is not a constant function, similar derivative stimates can 
be obtained under some unnatural assumptions [11,12]. 
In this section, we will make repeated use of the following weak maximum principle. 
LEMMA 2.1. For any functions w(x,y) E C2(~) N C°(~), if w > 0 on Oit and Lew > 0 on it, 
1 
then w >_ 0 on it. 
PROOF. It can be proved easily by contradiction, cf. [13, Lemma 6.2.1.1]. 
LEMMA 2.2. 
(I) lu(x,y)l<_C(1 exp ( -a lx~ -- , 0/2 ",  
\ ¢#/ /  
( ( a1(1 -- x ) ) )  . ,  
(II) lu(x,y)[ <_ C 1 -exp  7~ , on 
(III) lu(x,y)l <_ C (1 -exp  ( - -~)  ) , on", 
( Iv )  lu(=, u)l < c 1 - exp , on " .  
PROOF. 
(I) Using the barrier function ¢(x, y) = C(1-exp( -a lx /~#)) ,  by simple calculations, we have 
a2 ] \---~-~-]j ± f (3) 
_> O, for sufficiently large C. (4) 
Then from (¢ ± u)lan _> 0 and Lemma 2.1 we conclude our proof. 
(II) Use the barrier function ¢(x, y) = C(1 - exp(-(al(1 - x))/¢#)). 
(III) Use the barrier function ¢(x, y) = C(1 - exp(-Ay/~)). Note that 
L,(¢ + u) = 62#2C~T exp - + ~AcAe exp - 
+ a2C (1 - exp ( - -A~) )  ± f. 
(5) 
(6) 
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If exp(-Ay/6) >_ (1/3), then we have 
L~(¢ 4- u) _> 3A2C 4- f; 
otherwise, we have 1 - exp(-Ay/6) >_ (2/3), then we have 
Le(¢ ± u) > 2a2C ± f . 
In both cases, we can have Le(¢ ± u) >_ 0 for sufficiently large C. 
(IV) Use the barrier function ¢(x, y) = C(1 - exp(-(2A(1 - y))/6#2)). Then by simple calcu- 
lations, we have 
#-'-5- exp e~ + a2C 1 - exp 7/.~ 4- f (7) 
> 0, for sufficiently large C. (8) 
Here we used the same procedure as (III) and the fact that (1/# 5) > 1. 
LEMMA 2.3. 
(i) 
( I I )  
(i) 
(H) 
PROOF. 
lux(x,y)l _~ C(6#) -1, on 0~, (9) 
I%(x,O)l <_ 66 -1, lu~,(x, 1)l <_ C (e~ 2)-1 , and I%(x, Y)Ix=0,1 = 0. (10) 
PROOF. By using Lemma 2.2, the proof is all the same as [4, Lemma 2.1.3]. 
LEMMA 2.4. 
1 ( _ lux(x,y)l <c 1+6---~exp +~-~exp • , ona ,  (11) 
\ e# / 6# / } 
( (~)  1 (A(1 -y ) ) )  on~.  ¢12) luu( x,y)I<-C l+ leexp  - +~exp • E# 2 , 
(I) Consider the barrier function 
(1  ( 
¢(~, y) = c 1 + ~ exp + E exp , \ 6# / e# } / 
then by simple calculations, we have 
( ( L~(¢ ± ux) = a:C + E (a~ - a~) exp ~-7 ; /+ exp 
>_ 0, for sufficiently large C, 
combining with Lemmas 2.1 and 2.3, our proof is finished. 
(II) To prove (II), we use the barrier function 
¢ (x ,y )=C l+eeXp - +~exp . e# 2 ; 
then by simple calculations, we have 
Le(¢=i:u~)=a2c + Cexp ( -~- )  (a2- A2#2- 
a2C +-~2exp ( A(1-y))~ ± (fy_(a2)yu) 
>_ 0, for sufficiently large C, 
combining with Lemmas 2.1 and 2.3, our proof is finished. 
a~(1-x))) 
~ ± (i~ - (a~)~,,) 03)  
(141 
(is) 
(le) 
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REMARK 2.1. From our derivative stimates, we see that there is a boundary layer at each side, 
which is different from the ordinary convection-diffusion problem [4, Section 3]. There exists no 
boundary layer at y = 0 when the convection term does not have a small parameter. 
REMARK 2.2. Our estimates were obtained for a generalized function f(x, y, ~, p), which has the 
following boundary layer properties: 
If(x,y,e,l~)l <- C, 
( 1  ( _ , lX~+ 1 (a l (1 -x ) ) )  II=(=,u,~,,)l<_C l+~-~#exp\  e#]  ~-~exp e/~ ' 
( 1 ( . .~ . )  1 (A(l_.--y)'~) 
Ifu(x,y,E,l~)l < C 1 + ~exp - + ~#2 exp - e#2 ] , 
V(x,y) e~,  (17) 
V(x,y) E £1, (18) 
V(x,y) E ~. (19) 
3. THE ASYMPTOTIC  EXPANSION 
This section is based on the work of Butuzov [1]. Consider the Butuzov asymptotic expan- 
sion [1] 
4 2 
II(t) + E [~(t) p(~)~ Uo = Uoo + A., oo "oo] \ oo +
1----1 1----1 
then we have the following lemma. 
LEMMA 3.1. (See [1, Theorem 1].) For sufficiently small ~ and #, we have 
l u (=,y )  - Vo(=,y ) l  _< c(e + ~), v(=,y )  e ~. (20) 
In the following, we will present additional details for each term. 
The regular part Uoo(x, y) = f(x, y, O, O)/a2(x, y). 
The ordinary boundary layer function ~.(1), 11oo (x,~/1) at FI(0 < x < 1, y = 0) satisfies 
ran(1) (x, ?~1) 
A v''°° + a2(x, 0)II~ ) (x, ill) = 0, 
0,11 
n(o~)(=,0) = -uoo(=,0), n(o~ ) (x,,1) ~ 0, as 71 ~ ~,  
from which we have 
H(~ ) (x, 71) -< C exp ( -an l ) ,  71 >- O, 
where a is a positive constant (here and in the sequel), and 7/1 = y/e. 
Similar boundary layer functions can be constructed at other sides: 
F2(x = 0,0 < y _< 1): 
I'3(0 <_ x < 1,y = 1): 
F4(x = 1,0 < y < 1): 
(21) 
(22) 
(23) 
( 02 - - o)) = o, el > o,,1 > A ~o 
\ 
a2(0,  0 
Q(o~)(~l, 0) = -n(o~)(~l, 0), ~oo~(1) 0, 71) = ---oo"(1) (0, ~1), 
(27) 
(28) 
All H-functions have similar estimates as (23) [1, Section 2]. 
To remove the discrepancies introduced by .(1) and .(2) "*00 *'00 on F1 and F2, Q(I)(~I,~?I)is con- 
structed: 
z_._. (a~2 ) )  . (2)  = 0 ' (24) ~1 = e~' - a2(O' y --oo 
1-y ( 0_~22 _ A£)  n(3) = 0 ' (25) 172 = ~2 ; ' - . 'oo 
,2=1- -x  (O.~ )) "(4) = 0. (26) ep ; - a2(l' y "'oo 
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from which we have 
Q(1) (~1, ?/1) o0 _< C exp ( -a  (~1 "4- }71)) , for ~1,771 ~> 0. 
Q(2) ((2, 7/1) can be constructed similarly and has the following estimate: 00 
Q(2) ) 
00 (~2,~/1 <Cexp( -a ( (2+Vh) ) ,  for~2, T/1 >0.  
(1) To remove the discrepancy introduced by "~oon(2) function on F3, P~o ((1, r/2) is constructed 
P(1) (~1,0) (2) p(1) = -Hoo  (~1,1) ,  (~1, n2) --+ O, O0 "~ O0 
from which we have 
p0 1) 0 (~1, _< Cexp( -a (¢ l  +7/2) ) ,  
p(2)/, oo (~2, 7/2) can be constructed similarly and it satisfies 
Po 1) ~/2) 0 (~2, __< Cexp( -a (~2 + ~2) ) ,  
as  ?']2 ~ 00, 
for  ~1, '/}2 --~ O. 
for ~2, /2 _> 0. 
(29) 
(30) 
4. MESH AND SCHEME 
To construct our piecewise uniform mesh, we assume that Nx and N~ are divisible by 10, where 
N~ and Ny denote the number of divisions in the x- and y-directions, respectively. Otherwise, the 
remainder points can be put outside the boundary layers. In the x-direction, first we divide [0,1] 
into [0, ax], [az, 1 -az] ,  and [1 -az ,  1]. Uniform meshes are then constructed on each subinterval, 
each with (2/5)Nx, (1/5)Nx and (2/5)Nz points, respectively. Here az = 2a-16# In Nz. In the 
y-direction, we divide [0,1] into [0, a~], [a~,,a~2 ], and [a~2, 1]. Then uniform meshes are used 
on each subinterval, each with (3/10)Nv, (2/10)Nv, and (5/10)Nv points, respectively. Here 
a~l = 2a- l~ ln  N~ and a~2 = 2ot-l~t 2In Ny. 
More explicitly, in the x-direction, we have 
0 = X 0 < X 1 < "" • < XQ < • • • < Xi2 < • "" < XN= = 1, 
with il = (2/5)Nx, i2 = (3/5)Nx, xi, = a~, xi 2 = 1 -az ,  and the mesh size hi = x i -x i -1  satisfy 
h i = Ux 
(2/5)N~' 
1 - 2az 
hi = (1/5)---~x' 
In the y-direction, we have 
for i = 1,. . .  ,il,i2 -4- 1,... ,Nz, 
for i = il + 1, . . . ,  i2. 
(31) 
(32) 
0 = YO < Y l  < "'" < Y j l  < " '"  < Yj2 < " '"  < YNv  = 1, 
with j l  = (3/lO)Ny, j2 = (5/10)Ny, yjl = a~l, Yj2 = 1 - ay2, and the mesh size kj = yj - Yj-1 
satisfy 
a~, for j -- I , . . . ,  j l ,  (33) kj-  (3/10)N ' 
1 - a~l - a~2 for j = Jl + 1,. . .  ,J2, (34) 
k j=  (2/10)N~ ' 
a~2 for j = j2 A- 1 , . . . ,  N~. (35) 
kj = (5110)N~' 
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Let Ii = [Xi-l,Xi], I = [0, 1],/~i = Ii x I, h~ = maxl<i<_N, hi, Kj = [Yj-I,Yj], ~:j = I x Kj, 
h v = maxl<j<N, kj, and II" lip,, be the L p norm on any domain r, here 1 _< p _< oo. For simplicity, 
we use II" [I to denote the usual L 2 norm on 12. 
The weak formulation of (1),(2) is: find u e Hg(fl) such that 
B(u, v) = e2#2(Vu, Vv) + eA (uv, v) + (a2u, v) = (f, v), V v e H I (n), 
where (., .) denotes the usual L2(n) inner product and Hol(fl) is the usual Sobolev space [5]. 
Denote the weighted energy norm by 
0 H - {~2p"llVvll2 + Ilvll2} ~/2 , Vv e Hol(n). 
Note that for any v e Hl(f l) ,  we have 
B(v, v) = e2#2(Vv, Vv) + eA (v~, v) + (a2v, v) (36) 
> min (1,m~na2) |v |  2 . (37) 
Let Sh(f~) C_ HI(~) be the ordinary bilinear finite element space [14] and Hw be the standard 
bilinear interpolant of w, and l'Ix and l'I v be the interpolant in the x- and y- direction, respectively, 
as we used in [4]. 
We seek the finite element solution u h E Sh such that 
B (~,0  =.%2 (w~,w)  +.A (~,0  + (~,0  = (f,.), v~ e S~. (36) 
LEMMA 4.1. 
LEMMA 4.2. 
LEMMA 4.3. 
II~'II oo,n. 
Let us recall some results from [14] we will use in this paper. 
(See [14, Theorem 2.1].) IIw = IIxIIvw = IIvH~w. 
(See [14, Exercise 2.3].) [[w - Ilxw[[oo,i ~ < (1/2)hd[wz[[oo,i ~. 
(see p4, gemma 2.11.) Ilnxullod, _< maxve1(lu(x*-l, y)h lu(xi, y)]), IIIIxulloo,n _ 
Similar results hold true for the interpolant II v in the y-direction. 
5. THEORETICAL  ANALYS IS  
LEMMA 5.1. For the solution u of(I),(2), we have 
(I) Ilu - nxu l lod ,  ~< CYf  1 In Nz, V i = 1, . . . ,  Q, i2 + 1 . . . .  , N~, (39) 
(II) Ilu - I I~ul loo,k~ < cg~ 1 In Nv, Vj = 1, . . .  , j l ,  j2 + 1 , . . . ,  Nv, (40) 
(I') Ilu-II=ulloo,i, <C(N;2  +e+#) ,  v i= i l  + l, . . . , i2, (41) 
(119 Ilu- Ilvull~,k~ _< C(Nf2 +,+~) ,  Vj=j~+l, . . . , j2.  (42) 
PROOF.  
(I) For i = 1,... ,ii,i2 + I,... ,N~, by Lemmas 2.4 and 4.2, we obtain 
IN - nxulloo,i, < Chi INxllod, 
< Ch imax(1  +(e#) - lexp(  alx~ a , (1 -  - xe,, \ _ _~_ /  + (e#)_lexp ( _  _~ x ) ) )  
< Chi (1 + (e#) -1) < CN;  1 lnNx, 
since hi -- ax / ( (2 /5 )Nx)  in this case. Hence, (I) is true. 
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(II) For i = il + 1,. . .  ,i2, in this case x E [az, 1 - ax]. We can write IIxu in the form 
n~u = n~Vo + rI~ (u - v0).  
Hence, by Lemmas 3.1 and 4.3, we have 
114 - n~ul l~ ,x ,  _< IIUo - n~Uol l~, .~,  + II(u - Uo) - n~ (u  - Uo)llo~,X, (43) 
< IIUo - n~Uoll~,x, + 2 II(u - U0)lloo,x, (44) 
< IIU0 - n~u011~,x, + c (e  + #). (45) 
The estimation of IIU0 - HxU011o~,£ can be carried out similarly as [4, Lemma 2.4.1] by 
using those estimates given in Section 3. 
Proof of (II) and (II') can be carried out in the same way by symmetry consideration. 
Following a similar proof of [4, Lemma 2.4.2], we can easily obtain the following interpolation 
result. 
LEMMA 5.2. For the solution u of  (1),(2), we have 
Ilu - Hulloo,~ _< C (N~ 1 lnNx + N~ -1 lnNy + E + #).  (46) 
Next we will use a result we obtained in [4]. 
LEMMA 5.3. (See [4, Lemma 2.4.3].) Let ~- - [0, h,] x [0, h~], then for any v E Sh(f l)  we have 
f lv, ldxdy<C(~)~/2llvlh,,. (47) 
THEOREM 5.1. Let uh be the finite dement solution of (38) and u be the solution of (1),(2); 
then we have 
il4 - 4"11 < eve (N ;  1 lnNx + N~ -1 lnN~ + ¢ + #),  
where Ce = 1 + e#(Nx + N~) + ¢ 1/2 In N~ + ¢1/2N~ In -1/2 N~. 
PROOF. Let X = Hu - u h, then by (36) we have 
c ,  illn,., - ,.," ill '~ -< B (n~ - ~,n~- ~h)  = s (n4 - 4,n4 - 4" ) .  (48) 
By the definition of (38), we have 
B (Hu - u, IIu - u h) = ¢2/~2 (V(nu - u), VX) + A¢ ((IIu - u)~, X) + (a2(nu - 4), x). 
Integrating by parts, we obtain 
~2 ((nu - 4)~, x . )  = Z 
I~i<N~,I<j<N~ 
Z 
I~i<N~,I<j<N~ 
<- Z 
l<i~Nx,l<j<N~ 
: r /o'/o 1 l<_i<Nx 
Lx, Lyi  ¢2#2( Ilu _ u)zXx dxdy  
i -1  i -1  
LYi S2#2(  Hu  _ U)[x=x,-1Xx dy, x~x ii-1 
L YJ [¢#Xxl dy . ¢lz llIIu - ulloo,- ~ j-1 
[¢#Xx[ dydx  . ¢# IlIIu - u[[oo,~ 
< ~Y~ Ilnu - ulloo,~ II~xxll • 
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~2z~2 ((r Iu-  uh,, x~,) _< c#N~, Ilnu - ulloo,~ • II~#xz, II • 
(~-(nu - u), x) ~ Ila~-Ii~,~ Ilnu - ull IIxII ~ C l lnu-  ull~,n IIxII • 
Let S1 = [0, 1] x [1 - au=, 1] and 5'2 = [0, 1] x [0, 1 - au=]; then we have 
eA ((Hu - u)v, X) = -cA  (IIu - u, Xv) 
=-~A ( f  s +fs)(nu-u)x~dzdv.  
1 2 
Note that 
~A fs(I Iu-u)~,d~dy <e~ l ieu-  ull~,~ L ,  Ixz, I dx@ 
_< C~ IIrIu - ull~,n (meas (81)) 1/2 Ilxvll 
_< Cc Ilnu - ull~,n (.#2 In Nv)~/2 Ilxvll 
= Ce 1/2 In g v IIHu - ull~,n • Ile#x.II, 
and by Lemma 5.3, we have 
~a A(nu-  u)xvdxdy <_ C~lllIu- ulloo,~ A,  Ix,,I dxdy 
_< C . l lnu -  uli=,n ~ k~]  Ilxll~,~. 
• r E S.~ 
( N~_ I )1/2 
_< O~llrlu - ull~,~ ~cN~_ 1 In N~ E lixll2,~- 
"rESa 
< Cel/2Nu l n -1 /2  Nu l l r lu  - ul lo~,~ I lx l l ,  
where we used the fact that ~,es= 1 _< NxN w 
Combining all above inequalities, we have 
from which we obtain 
Cllfflu - uhlll 2 __ c .  C~I IHu  - u l loo ,n"  I~nu - uh|, 
(49) 
(50) 
(51) 
(52) 
(53) 
(54) 
(55) 
(56) 
(57) 
(5s) 
(59) 
llnu - uhlll _< c .  c,  llnu - uHoo,n. 
Hence, by Lemma 5.2, we have 
II u - uhll <_ Ilu - null + Ilnu- u~ll _ Ilu- null~,n + IInu - uhll (62) 
< C.  C, (N~ x lnN~ + N;  1 lnN v + e + #) ,  (63) 
which concludes our proof. I 
From Theorem 5.1, we can expect almost first-order uniform convergence, since practically e
and # are small enough that the error dominates by N~ 1 In Nx + N~ 1 In N v. 
(61) 
(60) 
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6. NUMERICAL  RESULTS 
For simplicity, we chose Nz = Ny -- N and bilinear interpolation for variable function in our 
numerical experiments. In Figures 1-15, we always denote (a) for the top figure and (b) for the 
bottom figure. 
To see how our method performs, we tested both a constant coefficient case (Example 1) and 
a variable coefficient case (Example 2) on a uniform mesh and our piecewise uniform mesh for 
N = 40 with different ¢ and # ranging from 10 -7 to 10 -2. 
EXAMPLE 1. 
EXAMPLE 2. 
A = 1, a = 2, f = 16x(1 - x)y(1 - y) + 1. 
A = 1, a = 2x/1 + x 2 + y2, f = 16x(1 - x)y(1 - y) + 1. 
The computed solutions are presented in Figures 1-6. These figures clearly show that our 
piecewise uniform mesh performs much better than the uniform mesh. Our piecewise uniform 
mesh resolves the sharp boundary layers without any oscillations. Also the smaller the pertur- 
bation parameters are, the better approximation we obtain. On the other hand, the solutions 
achieved on the uniform mesh become more oscillated near the boundary layers as the per- 
turbation parameters become larger. This is consistent with our model. Since as e becomes 
smaller, the convection term (e) becomes larger compared to the diffusion term (e2#2). Note 
that u0 = 4x(1 - x)y(1 -y )  + (1/4) and u0 = (4x(1 - x)y(1 -y )  + 1/4)/(1 +x  2 +y2) are solutions 
of reduced problems (~ = # = 0) for Examples 1 and 2, respectively, so we know how the solutions 
should look. 
To measure how accurately our method works, we tested another case (Example 3) where 
A = 1, a = 2, and f is chosen appropriately such that the exact solution is known. 
EXAMPLE 3. 
x 1 -x  
u=-~ 
1 -y  exp( )) 
The computed solution u h and the pointwise error u h - u are shown in Figures 7-15 for 
E = # = 10 -2, 10 -3, 10 -5 and N = 10,20,40. When e,# <_ 10 -5, there is almost no distinction 
from ~ = # = 10 -5. The L 2 and L °° error are provided in Tables 1 and 2, respectively, from 
which we see the uniform convergence in both L 2 and L °° norms very clearly. The estimated 
convergence rate RN = (lneN - - lne2N) / ln2  in L 2 norm is 2.62 and 2.57 for N = 10 and 20, 
respectively, which is much better than our theoretical estimates. Note that our function f does 
not vanish at four corners. This phenomenon has been observed in many other cases [10], which 
is only required by the proof technique. Actually higher order error estimates can be proved 
similarly under more restricted assumptions. We guess the convergence rate will approach to 2 
when N larger enough. But our computing facility limits such test. 
Another phenomenon we observed is that the error is actually independent of #. This can 
be explained by Theorem 5.1 that the coefficient Ce is independent of #. Another explanation 
is that actually we can use an arbitrary higher order asymptotic expansion (except arbitrary 
small neighborhoods of corner (0,0) and (1,0)) [1, Theorem 2] for a smooth enough solution in 
our proof; hence only the error resulted from the boundary layers dominates. This shows very 
clearly in Figures 7b-15b. As N becomes larger, the dominant error is coming from those two 
corners (0,0) and (1,0), which is very consistent with Butuzov asymptotic approximation [1]. 
There still remain many open problems in this interesting area [10], such as the generalization 
to nonlinear problems and interior layer problems. Further research work is currently under 
development. 
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Figure 1. Example 1: computed solution for e = 10 -2,  N ---- 40. (a) Uniform mesh. 
(b) Piecewise uniform mesh. 
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Figure 2. Example 1: computed solution for e = 10 -3 ,  N = 40. (a) Uniform mesh. 
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Figure 2. (cont.) (b) Piecewise uniform mesh, 
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Figure 3. Example 1: computed solution for e = 10 -~, N = 40. (a) Uniform mesh. 
(b) Piecewise uniform mesh. 
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Figure 4. Example 2: computed solution for • = 10 -2, N = 40. (a) Uniform mesh. 
(b) Pie~ewise uniform mesh. 
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Figure 5. Example 2: computed solution for E = 10 -a, N = 40. (a) Uniform mesh. 
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Figure 5. (cont.) (b) Piecewise uniform mesh. 
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Figure 6. Example 2: computed solution for e = 10 -5,  N = 40. (a) Uniform mesh. 
(b) Piecewise uniform mesh. 
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Figure 7. Example 3: piecewise uniform mesh for ~ ---- 10 -2,  N ~ 10. (a) Computed  
solution. (b) Pointwise error. 
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Figure 8. Example 3: piecewise uniform mesh for e = 10 -3,  N = 10. (a) Computed  
solution. 
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Figure 8. (cont.) (b) Pointwise error. 
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Figure 9. Example 3: piecewise uniform mesh for e -- 10 -5,  N = 10. (a) Computed 
solution. (b) Pointwise error. 
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Figure 10. Example  3: piecewise uniform mesh for e = 10 -2 ,  N = 20. (a) Computed  
solution. (b) Pointwise error. 
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Figure Ii. Example 3: piecewise uniform mesh for ~ = 10 -3, N = 20. (a) Computed 
solution. 
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Figure ii. (cont.) (b) Pointwise error. 
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Figure 12. Example 3: piecewise uniform mesh for ~ = i0 -s, N = 20. (a) Computed 
solution. (b) Pointwise error. 
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Figure 13. Example 3: piecewise uniform mesh for e = 10 -2,  N = 40. (a) Computed 
solution. (b) Pointwise error. 
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Figure 14. Example 3: piecewise uniform mesh for • = 10 -3,  N = 40. (a) Computed 
solution. 
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Figure 14. (cont.) (b) Pointwise error. 
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Figure 15. Example 3: piecewise uniform mesh for e = 10 -5,  N = 40. (a) Computed 
solution. (b) Pointwise error. 
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Table 1. Errors in L 2 norm for Example 3. 
N 
- -  ~ 10 20 40 
1.0D-02 
1.0D-03 
1.0D-04 
1.0D-05 
1.0D-06 
1.0D-07 
3.35145186D-03 
3.08143764D-03 
3.05463960D-03 
3.05196199D-03 
3.05169425D-03 
3.05166748D-03 
8.54606800D-04 
5.35671619D-04 
4.98142036D-04 
4.94288340D-04 
4.93901877D-04 
4.93863219D-04 
3.36480157D-04 
1.14297261D-04 
8.62599006D-05 
8.32021259D-05 
8.28927405D-05 
8.28617643D-05 
Table 2. Errors in L °° norm for Example 3. 
N 
• = D 10 20 40 
1.0D-02 
1.0D-03 
1.0D-04 
1.0D-05 
1.0D-06 
1.0D-07 
2.00249517D-02 
2.00277257D-02 
2.00279914D-02 
2.00280178D-02 
2.00280205D-02 
2.00280207D-02 
1.3875412182D-02 
1.3875412154D-02 
1.3875412159D-02 
1.3875412157D-02 
1.3875412146D-02 
1.3875412203D-02 
1.0330639906D-02 
1.0330639789D-02 
1.0329781808D-02 
1.0329781808D-02 
1.0329781808D-02 
1.0329781840D-02 
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